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Abstract: Hypersonic glider designs often exhibit limited control authority and poor transversal stability. Furthermore, the
methods used for aerodynamic performance estimation at high flight altitudes and hypersonic speeds are inevitably inaccurate
and uncertain. Hypersonic Glider performance could be severely degraded by using traditional control and autopilot techniques
that rely on an accurate knowledge of the aerodynamic coefficients. A new autopilot and control approach, presented in this
paper, is based on recently developed special Higher Order Sliding Mode Control (HOSMC) algorithms that are mostly based
on relative degrees but not on the glider’s mathematical model. Specifically, this autopilot and control approach includes robust
continuous aerodynamic control augmented by impulsive reaction control thrusters. Control gain-adaptation allows addressing
the vehicle bounded uncertainties and perturbations without overestimating the control gains. The impulsive augmentation of
the continuous Higher Order Sliding Mode control provides almost instantaneous convergence thereby mitigating the risk of
control loss caused by sideslip angle departures due to poor transversal stability and small lateral control authority. While
Higher Order Sliding Mode control algorithms are inherently insensitive to the matched uncertainties and disturbances, the
observers embedded in the Continuous Higher Order Sliding Mode Control algorithms reduce the time response of the control
compensation. Simulation of a representative hypersonic glider executing normal and bank-to-turn maneuvers and controlled
by the studied algorithms demonstrate excellent performance in the presence of significant model uncertainties and
perturbations.
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1. Introduction
Controlling hypersonic vehicles, whether propelled or not
presents several serious challenges. To reduce drag and
aerodynamic heating, hypersonic glider control surfaces are
reduced as much as possible which adversely affects the
corresponding control authority. Given very large velocity
magnitude, the dampening by roll, pitch and yaw rates is
mediocre and the slenderness of the body results in a very
poor lateral stability. Traditional, aerodynamic model based
control techniques are only as good as the models
themselves.
Specifically,
aerodynamic
coefficient
uncertainties and perturbations yield complications in
obtaining an accurate mathematical model of the hypersonic

glider control response. Furthermore, obtaining accurate
dynamical models is difficult given the flight conditions
considered, the extreme temperatures, possible mix of
laminar and turbulent boundary layer and possible noncontinuous flow conditions. The problem is compounded
with ablation phenomena that modify the shape of the body,
modify the position of the center of gravity and introduce
chemical reactions into the flow. During cruise flight the
hypersonic glider bank to turn maneuvers are infrequent and
the cruising maneuvers can be made relatively slow to
minimize the occurrence of excessively large sideslip angle
transients. However, during terminal maneuvers they may
also have to include a fast half roll maneuver aimed at
driving the flight path angle from a small negative cruising
value to large terminal dive angle. During terminal
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maneuvers, the sideslip angle may be prone to exhibiting one
or several significant transient overshoots possibly resulting
in loss of control.
The modus operandi of state of the art aerodynamically
steered vehicles is that the trajectory is controlled via a twoloop feedback by commanding aerodynamic angles that is,
angle of attack and sideslip angle for skid-to-turn configured
vehicles or angle of attack, roll angle and nullified sideslip
angle for bank-to-turn vehicles. As a result, the trajectory is
controlled by an outer-loop autopilot that uses commanded
aerodynamic accelerations as pseudo controls. An inversion
algorithm calculates body attitude maneuvers conducive to
producing commanded acceleration and finally, an inner loop
sets the corresponding aerodynamic angles using the attitude
control surfaces. With this modus operandi, model
uncertainties exert a detrimental effect on the accuracy of the
inversion.
A control-oriented model of a hypersonic vehicle with
curve-fitted approximations of the aerodynamic forces and
moments [1] may be used for robust controller design. Then,
an adaptation technique may be employed for estimating
unknown constant coefficients used in the approximations
[2]. Unfortunately, in the presence of time-varying nonlinear
uncertain coefficients, the accuracy of the control adaptation
can be compromised. Therefore, the design of hypersonic
gliders control laws robust enough to handle significant
model uncertainties still represents a challenging task.
Possible control solutions may be based on back-stepping
techniques [3], dynamic inversion [4] or Higher Order
Sliding Mode (HOSM) control [5] combined with filters used
to shape desired flight qualities and to calculate the stability
derivatives of commanded aerodynamic angles. Higher Order
Sliding Mode (HOSM) control [6-8], being insensitive to the
matched bounded additive and multiplicative perturbations,
constitutes a very attractive control technology that does not
rely on an imbedded dynamical model but only requires
knowledge of relative degree. Thus, the HOSM approach can
address the challenges in hypersonic glider control. To date,
HOSM control and observation techniques have been
effectively applied for missile-interceptor integrated guidance
and autopilot control [9-10] while mitigating the discussed
challenges. The proposed Continuous Adaptive HOSM and
observation techniques were also used for controlling an airbreathing hypersonic missile in a terminal phase [11].
The important enduring problems are first, that hypersonic
vehicles experience ablation during the flight which causes
poorly predictable variations of a shape and modifications of
the position of the gravity center which may result in a large
disturbance. The problem is aggravated by limited control
authority that precludes operating with large autopilot gains.
Although during the cruise phase most maneuvers are slow,
at the end of the cruise, the vehicle may have to undergo
large amplitude roll maneuvers which may induce large
variations of sideslip angle. There is a clear need for a control
law design that prevents the sideslip angle from exceeding
maximum controllable magnitudes and that reduces as much
as possible the duration of any corresponding sideslip angle

transients.
A possible approach for addressing inherent robustness
issues is H ∞ as proposed in [12], observers can be used for
providing fault tolerant designs [13]. Since dynamic pressure
is a major parameter in the calculation of aerodynamic
stability derivatives it may be applied to provide a gain
scheduling basis as in [14]. Gyroscopes may also be used to
providing moment control [15].
The challenges described above are addressed in this work
using the recently proposed Continuous Adaptive HOSM
control algorithm [11-16]. The proposed algorithm
accommodates the use of impulsive (thrust) control actions
[19-24] for achieving faster convergence. Specifically, in this
work it is proposed to use the Adaptive Continuous Higher
Order Sliding Mode control [7, 16] with the impulsive action
[22-24] for controlling a hypersonic glider. Continuous
Adaptive HOSM control comprises a Continuous Finite Time
Convergent Control [7, 16] that operates in a concert with the
HOSM disturbance observer [6-7] designed to cope with
external disturbances and model uncertainties which include
multiplicative aerodynamic model errors. An improvement to
this design includes a gain adaptation algorithm [16] that is
based on the concept of Equivalent Control, which yields an
adaptive gain that closely follows the disturbance. This
disturbance avoids overestimating the gain and reduces
possible chattering effects which may be caused by unmodeled (actuator) dynamics.
The use of impulsive control in concert with the
Continuous Adaptive HOSM is studied in this paper for
improving the control of the sideslip angle of the hypersonic
glider, especially when engaging in aggressive bank-to-turn
maneuvers. The interest for impulsive control aimed at
driving the system’s states to the origin in a timely fashion
has grown in recent years as in [19-24]. Since the shaping of
the pulse sequence is calculated based on the nominal model,
it does not account for the thruster’s dynamics and does not
account for disturbances and it is thus, inherently inaccurate
and not robust if used alone. For that matter hybrid-impulsive
solutions have been studied as in [22-23] aimed at reducing
dramatically the convergence time and improving uniformity
[6-7]. The impulsive control is implemented in this design
via a pair of yaw attitude thrusters which provides almost
instantaneous convergence of the sideslip angle to the origin
in less than 0.4 sec. In this study, impulsive control is
associated with Continuous Adaptive HOSM where the
initial approximate dead beat is to be followed by the
corresponding Continuous Adaptive HOSM operation which
achieves the perfect robustness to the matched perturbations.
Here, the impulsive control is implemented as a sequence of
Dirac delta-function and its derivatives represented by their
approximations as in [23-25]. Impulsive algorithm calculates
the sequence of impulses which drives initial states to the
origin in a very short time. Note that inevitable model
inaccuracies could preclude impulsive control algorithm to
from perfectly converging to the origin and only to the
vicinity of the origin. This does not present a significant
problem, since upon completion of impulsive control the
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Adaptive HOSM control takes over and provides the required
robustness and the finite time convergence.
The paper is structured as follows: Section 2 presents the
developed method and, for that matter, contains a
background of Adaptive HOSM-Impulsive Control and
second order SMC based on Nonlinear Dynamic Sliding
Manifold (NDSM) that is described in Sub-section 2.1. Subsection 2.2 presents the mathematical model of a hypersonic
glider and the statement of the problems. Sub-section 2.3
presents NDSM baseline controller design used as a basis of
comparison with the designs developed in this work.
Continuous Fixed Parameters HOSM control is studied in
Sub-section 2.4, while Sub-section 2.5 presents the design of
Continuous Adaptive HOSM control. The study of yaw
impulsive control associated with Continuous HOSM control
is presented in Sub-section 2.6. Simulation results are
presented in Section 3 and are discussed in Section 4,
followed by Conclusion

2. Method
2.1. Background of Adaptive Higher Order Sliding Mode
and Impulsive Control
2.1.1. Continuous Higher Order Sliding Mode Control
Consider a Single Input, Single Output (SISO) inputoutput dynamics of the form [11]

σ( r ) = f ( x, t ) + u

(1)
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polynomial s r + γ r −1 s r −1 + ... + γ 2 s + γ1 all equal to −2.

u = −2 σ

1/ 2

sign ( σ )

r = 2; u = −4 σɺ

3/5

sign ( σɺ ) − 4 σ

ɺɺ
r = 3; u = −6 σ

7/10

r = 1;

−8 σ
r = 4; u = −8 ɺɺɺ
σ

ɺɺ ) − 12 σɺ
sign ( σ

7/16

4/5

− 32 σɺ

3/7

sign ( σ )

7/13

sign ( σɺ )

sign ( σ )

ɺɺ
sign (ɺɺɺ
σ ) − 24 σ
4/ 7

2/3

sign ( σɺ ) − 16 σ

(4)

ɺɺ )
sign ( σ

1/ 2

sign ( σ )

The theoretical result that allows the design of a finite-time
converging continuous control for the perturbed system (1) is
formulated in the following theorem:
Theorem 2 [16]: Consider the perturbed system (1) with
the smooth disturbance f ( x,t ) ≠ 0 so that fɺ ( x, t ) ≤ H , H > 0 .
Let γ i > 0 be the coefficients of the Hurwitz polynomial

s r + γ r s r −1 + ... + γ 2 s + γ1 and ε ∈ ( 0 ,1) is identified so that
the unperturbed system (1) is finite-time convergent with the
control feedback (2-3) then, the origin of the perturbed
system (1), σ = σ
ɺ = ... = σ( r −1) = 0 is a globally finite-time
stable equilibrium under the continuous HOSM control:
u = −γ r σ(r −1)

ar

sign ( σ(r −1) ) − γ r −1 σ(r −2)

ar −1

sign ( σ(r −2) ) − ... − γ1 σ 1 sign ( σ) −λ
a

(5)

where
λ = η1 s sign( s ) + ξ
ξɺ = η2 sign( s ), η1 = 1.5 H 1/ 2 , η2 = 1.1H
1/ 2

where u ∈ ℝ , σ ∈ ℝ are the control and output (sliding)
variables, respectively, and f ( x, t) is an unknown disturbance
with a bounded derivative. The following theorem gives a
control law that provides finite time convergence in the
unperturbed version of system (1).
Theorem 1 [17] Consider the unperturbed system (1) with
f ( x , t ) ≡ 0 . Let the γi > 0 b the coefficients of the Hurwitz
1

1

polynomial

s r + γ r s r −1 + ... + γ 2 s + γ1

then,

there

exists

ε ∈ ( 0,1) such that for every a ∈ (1 − ε ,1) the origin of the

system (1), σ = σɺ = ... = σ( r −1) = 0 is a globally finite-time
stable equilibrium under the feedback control
u = −γ r σ( r −1)

ar

sign ( σ( r −1) ) − γ r −1 σ( r − 2)

ar −1

−γ1 σ sign ( σ )
a1

sign ( σ( r − 2) ) − ...

(2)

where the coefficients a1 , a2 ,..., ar satisfy
ai −1 =

ai ai +1
, i = 2,...r
2 ai +1 − ai

(3)

with ar +1 = 1, ar = a .
Remark 1: The control (1-3) is continuous.
Remark 2: Theorem 1 is clearly an existence theorem and
the gains ai may be computed by simulation like in [6, 7].
Equation (4) below shows an example of a set of gains which
satisfies the conditions of Theorem 1 and achieves finite time
convergence for systems of order up to 4 with the roots of the

s = σ(

r −1)

+ z, zɺ = −u −λ

(6)
(7)

Remark 3: The injection term λ in (6-7) represents a
super-twisting observer [7, 8] that exactly reconstructs the
smooth disturbance f ( x,t ) with the bounded derivative in
finite time.

2.1.2. Adaptive Continuous Higher Order Sliding Mode
Control
If the bound H > 0 in the inequality, fɺ ( x,t ) ≤ H , exists
but is unknown then the overestimation of H may result in
the overestimation of the control gains η1 and η2 in (6-7).
As result, with this gain overestimation, un-modeled
(actuator) dynamics can yield increased chattering. To reduce
this possible chattering in the super-twisting observer (6-7), it
is beneficial to design an adaptive-gain algorithm with does
not overestimate the gains. Therefore, assuming that the gain
η1 can be selected large enough, the aim is to adapt η 2 in (6)
so that k (t ) = η2 is close to H while satisfying the condition
k (t ) = η 2 > H . This self-tuning procedure reduces the
amplitude of the high frequency switching part of the supertwisting term (6) which then mitigates chattering. In this
paper an adaptive scheme built on the equivalent control [7,
16] is employed. The main result is formulated in the
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following theorem:
Theorem 3 [11, 16]: Consider the system (1) with a twice
differentiable
disturbance
satisfying
f ( x,t )

δɺ (t ), ɺɺ
δ (t ),..., δ ( r −1) (t ) are exactly implementable and thus, the
impulsive control law (15) drives σ, σɺ ,...σ(r−1) → 0 in a timely

fashion

fɺ ( x, t ) ≤ H , ɺɺ
f ( x, t ) ≤ N , assume H > 0 is unknown and

r −1

N > 0 is known and let γ i > 0 be such that the polynomial

s + γr s
r

r −1

uimp = −

+ ... + γ 2 s + γ1 is Hurwitz. Then, there exists an

ε ∈ ( 0,1) such that for every a ∈ (1 − ε ,1)

the origin

σ = σɺ = ... = σ = 0 is a finite time stable equilibrium under
the Adaptive Continuous HOSM control in (5), where
a1 ,a 2 ,...,a r satisfy (3-4) with a r +1 = 1 , a r = a and λ is
(r )

defined in

λ = η1 s

1/ 2

sign(s) + w

wɺ = k (t )sign(s)

(8)

(

)

υ(t ) = k (t ) −

1
weq (t ) − ε 0
ε1

ρɺ (t ) = γ υ(t ) + ρ0 γ sign ( e(t ) ) , γ > 0
e (t ) =

N
− υ(t )
ε1

(9)

(10)

(11)
(12)

where γ > 0 , 0 < ε < 1 , and ε > 0 is a small real number
and where weq (t ) is an equivalent control of w(t ) in (8) that
can be estimated by ŵeq ( t ) via low pass filtering:
1

1

wˆ eq (t ) = LowPassFiltering (w(t ))

(13)

Remark 4: When the value N exists, but is unknown (11)
is simplified as [11, 16]
ρɺ (t ) = γ υ(t ) ,

γ>0

(14)

2.1.3. Hybrid Continuous HOSM-Impulsive Control
The impulsive control based on the use of delta-functions
and its derivatives allows driving the sliding set σ, σɺ ,...σ ( r −1)
of (1) to the origin in a timely fashion, where the delta function
and its derivatives are approximately implemented as in [22,
24]. This algorithm can be used in Reaction Control Systems
(RCS) of aerospace vehicles including hypersonic gliders. This
result is formulated in the following proposition:
Theorem 4 [22]: Consider system (1). Assume that
(A1) The initial conditions σ(0), σɺ (0),...σ ( r −1) (0) in system
(1) are available,
(A2) The delta function δ ( t ) and its r − 1 derivatives

σ( r − k ) ( 0 )δ(ε k ) ( t )

(15)

k =0

where δ(εk ) are the generalized derivatives of the Dirac-delta
distribution centered in ε > 0 defined as [24-25] with

∫δ

(k )
ε

(t )φ(t ) dt = ( −1) φ ( k ) (ε )
k

(16)

Theorem 5 [22]: Consider the system (1) with a twice
differentiable
disturbance
satisfying
f ( x, t )
fɺ ( x, t ) ≤ H , ɺɺ
f ( x, t ) ≤ N , H > 0, N > 0 . Assume that
assumptions A1 and A2 hold, then the hybrid-impulsive
continuous HOSM control is

where the adaptive gain k (t ) is computed in accordance with
the following double-layer adaptation algorithm

kɺ(t ) = − ρ 0 + ρ(t ) sign ( υ(t ) ) , ρ 0 > 0

∑

u = v + uimp

(17)

Whereν is designed in a continuous HOSM control format
(5-7) and is given by
v = −γ r σ(r −1)

ar

sign ( σ(r −1) ) − γr −1 σ(r −2)

ar−1

sign ( σ(r −2) ) − ... − γ1 σ 1 sign ( σ) −λ
a

(18)

with injection term λ defined in (6-7) , vimp is the impulsive
control in (15) that drives σ, σɺ ,...σ(r−1) → 0 in a timely fashion
and after the finite time transient response the algorithm
keeps the sliding variable and its time derivatives at the
origin in the presence of disturbances.
Remark 5: The delta function and its derivative need to be
approximated to make the impulsive control law (15)
implementable for the RCS. The implementation issues are
studied in [23-25].
Remark 6: The calculation of the impulses assume that
corresponding aerodynamic controls are not used during the
impulses and likewise it does not consider the coupling
effects from control of the roll angle; while yaw aerodynamic
controls are effectively not applied by design during the
impulses, the associated coupling terms from roll control are
exerted which may prevent the impulsive solution from being
perfectly exact.
2.2. Mathematical Model and Problem Formulation
2.2.1. Dynamical Model
The vehicle dynamics are resolved in a frame obtained by
rotating the NED frame [26] by the ground track angle χ ; they
are governed by (19) hereafter where γ , χ, h, µ, vR represent
respectively the flight path, ground track air path angle, height
and velocity magnitude with respect to Earth, X ,Y , Z
represent non-inertial forces in wind axes and m is vehicle
mass. Inertial accelerations are represented using the concept
of quadratic relative gravity as in [27] with the term ξ .
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γɺ =

Z cos(µ) Y sin(µ) cos(β) g ξ z
−
−
mvR
mvR
vR

χɺ ′ =

gξ y
Z sin(µ)
Y cos(µ) cos(β)
+
−
mvR cos( γ )
mvR cos( γ )
vR cos( γ )

evidently χɺ = χɺ ′ + ∆χɺ .

∆χɺ = ν R cos( γ ) cos(χ) tan( LgD ) / r

vɺR = − X / m − g ξ x
(19)
hɺ = vR sin( γ ); µ = tan −1 ( vR cos( γ )(χɺ + g ξ y ) / (vR γɺ + g ξ z ) )
v
ξ x 
ξ  = A  v

 y
1
 ξ z 


2







With

A0,0 = 0; A0,1 = 0; A2,0 = − cos( γ ) / r ′
A1,1 = 2ϖ ⊕ sin( γ ) cos(χ) cos( LgC ) − cos( γ )sin( LgC ) 

{
Y = QS {c

{

}

Z = QS cZα α + cz δ m ; Q = 0.5 ρ vR2

A0,2 =  sin( γ ) gc − g N cos( γ )cos(χ))  ..
+ ϖ ⊕2 (C⊕ + h )cos( LgC ) cos ( γ )cos (χ) sin(LgC ).. (20)

A1,2 = −sin(χ) ϖ2⊕cos( LgD )sin(LgD )(C⊕ + h ) − gN

(21)

The formulation of [24] is like [29] with the difference that
proposed formulation accounts for the Earth’s oblateness as
in [30] and the introduction of “relative” gravity term ξ as in
[27] allows extending the use of the equations which
represent flight over flat non-rotating Earth to oblate rotating
Earth*.
Remark 7: As term ξ is represented as a second order
polynomial function of relative velocity magnitude it is the
base of the closed-form calculation of range and flight times
as functions of initial and terminal velocities [27].
Aerodynamic forces X ,Y , Z along the air path axis system as
in [26] are defined by

A2,1 = −2ϖ⊕ sin(χ) cos( LgC )

− cos( LgC ) sin( γ ) 
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δm

Yβ

β + cYδ δ n + cYδ δ l + cY ∆ n
n

l

∆n

}

(22)

X = QSc X (α , δ m )
Where

}

Q, S , b, Lref , ρ

represent

dynamic

pressure,

reference surface, span, reference chord and air density,
δl , δm , δn control surfaces positions relative to maximum,
α, β, φ, θ are the angle of attack, sideslip, roll and pitch
angles, ∆ n represents yaw thruster impulsive control relative

A2,2 = −ϖ 2⊕ (C⊕ + h )cos ( LgC )  cos ( γ )cos ( LgC )..
+ sin( γ )cos (χ) sin(LgC ) ..
+ sin( γ )cos (χ) g N + cos ( γ ) g c

to maximum and finally c[.](.) represent linearized coefficients

where C⊕ = (1 − e2⊕ sin( LgD ) 2 ) −1/ 2 [28], LgC , LgD represent
geocentric and geodetic latitudes, r⊕ , v⊕ , t⊕ are normalized
length, velocity and time, g= v⊕ / t⊕ is acceleration
normalization factor commensurate with gravity and e⊕ , e 2 ⊕

along [.] = X , Y , Z caused by (.) = l , m.n ; roll, pitch and yaw
actuators. Given the large longitudinal velocity, acceleration
damping effects caused by attitude motion are neglected in
(22).
Combining (19-21) and introducing stability derivatives in
(19) we obtain:

are Earth’s oblateness coefficients with e 2⊕ = 2e⊕ − e⊕2 and

γɺ = cos(µ) Zαα + cos(µ)Zδm δm − gξz / vR − sin(µ)Yββ..

e⊕ = 1 / 298.257
Normalized vertical component of gravity is according to

.... − sin(µ)Yδn δn − sin(µ)Yδl δl − sin(µ)Yδl δl − sin(µ)Y∆n ∆n

2
2
4
[29] gc = 1/ r −1.5J2 ((3sin(LgC ) −1) / r and the “North”

component of gravity is gN = −3J 2cos(LgC )sin(LgC ) / r .
4

Local curvature of the trajectory is defined [30] as:
1 / r ′ = 1 − h − e⊕ sin(LgC )2 + 2e⊕ cos(LgC )2 cos ( χ ) 2 .

Normalized radius from Earth’s center and relative
velocity magnitude are r , v and J 2 represents the second
gravitational coefficient.
The upper bar represents normalized variables while the
under bar represents average value of such variables during
the scenario. Angle χɺ ′ represents the rotation rate of the
projection of the velocity vector onto local horizontal plane,
with respect to some constant reference vector. As
consequence of vehicle relative velocity with respect to
Earth, NED frame rotates around Down axis with angular
rate (15) and so does the North axis of NED frame and

sin(µ)
sin(µ)
cos(µ)
cos(µ)
Z αα +
Zδm δm +
Yββ +
Yδn δn (23)
cos( γ)
cos( γ )
cos( γ )
cos( γ)
gξ y
cos(µ)
cos(µ)
cos(µ)
.... −
Yδl δl +
+
Yδl δl +
Y∆n ∆n
vR cos( γ) cos( γ)
cos( γ )
cos( γ)
χɺ =

Likewise yaw, pitch and roll Euler angle ψ, θ, φ dynamics
and body rates p, q , r are given by

φɺ = p+q sin( φ ) tan( θ )+ r cos( φ ) tan( θ )
θɺ = q cos(φ) − r sin(φ)
ɺ =
ψ

q sin(φ) + r cos(φ)
cos(θ)

(24)

* The local frame is oriented with the “Down” vector directed to the center of
Earth and not parallel to “local” horizontal
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The dynamics of body rates p,q,r are given by [31] with
L,N ,M defined hereafter by (25) and c j ; j = 1..9 defined by
(26)

qɺ = c5 pr − c6 ( p 2 − r 2 ) + c7 M
rɺ = (c8 p − c2 r )q + c4 L + c9 N

(25)

Γc1 = ( J y − J z ) J z − J xz 2 ; Γc2 = ( J x − J y + J z ) J xz ;
Γc3 = J z ; Γc4 = J xz ; c5 = ( J z − J x ) / J y ;
c6 = J xz / J y ; c7 = 1/ J y ; Γc8 = ( J x − J y ) J x + J xz ;
2

(26)

0

g
βɺ = −r + Yββ + Yδn δn + Yδl δl + Y∆n ∆ n + (ξ z sin(µ) − ξ y cos(µ)) (34)
vR
µɺ = p + cos(γ )χɺ

with vR = v0 + ∆vR , α = α0 + ∆α α δ m = δTrim
+ ∆δ m and
m

X (.) = ∂vR / ∂ (.); (.) = vR , α, δ m , δn , δl ∆ α
Y(.) = ∂χɺ / ∂ (.); (.) = β, r , δ n , ∆ n
Z(.) = ∂γɺ / ∂(.); (.) = α, q, δm , ∆ m .

The vehicle inertia is defined [31] as

Jy

g
(ξ z cos(µ) + ξ y sin(µ))
vR

γɺ = cos(µ)( Z v ∆vR + Z α ∆α + Z δm ∆δm + Z ∆ ∆) − ξ z g ν R

Γc9 = J x ; Γ = J x J z − J xz 2

0

∆vɺR = X v ∆vR + X α ∆α + X δm ∆δm + X δn δn + X δl δl − ξ x g
∆αɺ = q − Z α ∆ α − Z δm δm − Z ∆ ∆ m +

pɺ = (c1r + c2 p)q + c3 L + c4 N

 Jx
J =  0
− J xz

flight path angle linearized dynamics are given by

− J xz 
0 
J z 

(27)

τaero δɺ (.) = −δ(.) + u(.) , (.) = l, m, n; τthrust ∆ɺ n = −∆n + u∆n (35)

Aerodynamic moments are given by [31]

clββ + clδn δn + clδl δl + cl∆ ∆ n ..


L = QSb 
b

........ + 2v ( cl p p + clr r )



R

(28)

cnββ + cnδn δn + cnδl δl + cn∆ ∆ n ..


N = QSb 
b

cn
p
cn
r
.......
+
+
(
)
p
r


v
2

R


(29)

Lref


M = QSLref cmα α + cmδm δm +
cmq q 
v

R


(30)

Introducing the stability derivatives, we obtain
pɺ = Lβ β + L p p + Lr r + Lδn δ n + Lδl δl ..
........ + L∆ ∆ n + (c1r + c2 p )q
qɺ = M α α + M q q + M δm δm + c5 pr..

...... − c6 ( p 2 − r 2 )

(31)
(32)

rɺ = Nββ + N p p + N r r + N δn δ n + N δl δl ..
....... + N ∆ ∆ n + (c8 p − c2 r )q
∂pɺ
∂qɺ
L(.) =
; (.) = β, p, r , δl , δn , ∆ n ; M (.) =
;
∂ (.)
∂ (.)
∂rɺ
. (.) = α, q, δ m ; N (.) =
; (.) = β, p, r δl , ∆ n , δ n
∂ (.)

(33)

If lateral aerodynamic forces are negligible† and angle of
attack is small, the dynamics of longitudinal velocity, angle
of attack, sideslip angle, roll angle, air path bank angle and

† Otherwise they are treated as unknown but bounded disturbances

Using τ A , τT as the first order time constants, the
aerodynamic controls and thruster actuator dynamics are
represented by

2.2.2. Notional Vehicle
A notional hypersonic vehicle is considered to evaluate the
validity of the closed form performance formulations. A
clipped delta shaped glide vehicle is considered as shown in
Figure 1. The aerodynamic coefficients were developed using
the Hypersonic Arbitrary Body Program (HABP) code. The
vehicle mass is 318 kg with a reference surface S = 1.28 m2 a
reference chord of Lref = 2.52 m and a span of b = 0.78 m . In
this work additional yaw thrusters at the front of the vehicle
have been considered. Referring to Figure 1, the differential
deflection of the control flaps can create a roll moment and
the deflection of the yaw flap a yaw moment. Numerical
values of the stability derivatives in (22-23, 27-33) are shown
in Table-1.
2.2.3. Initial Conditions and Perturbations
Initial altitude = 55,000 m, Mach number = 20, initial.
Initial roll angle is φ0 = 1 rad with initial sideslip angle
β0 = −0.0175 rad . The fact that initial roll angle and
sideslip angle are of opposite signs of course, represents an
additional challenge. Initial angle of attack a0 = 0.135 rad , a
value half of what is required for sustaining horizontal flight
with corresponding initial roll angle. The model is very
uncertain, as discussed in the introductory section; therefore,
in theory, uncertainties should be applied to the entire set of
the coefficients of (19, 22-23) and (31-33). However, since
the design of HOSM autopilot only uses the coefficients of
the control terms, that is Lδ l , Mδ m , Nδ n , N∆n therefore, from a
practical point of view, disturbances need only to be included
in the control terms Mδ m , Nδ n of pitch and yaw rate in (36)
and in (23) for Z α , Yβ .
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um , ul , un that generates pitch, roll and yaw actuator
commands um , ul ,un such that
eα ,eɺα ,eφ ,eɺφ ,eβ ,eɺβ → 0

(39)

as time increases in the presence of bounded additive and
multiplicative perturbations defined by (36-37), where

eα = α (t ) * −α, eφ = φ * (t ) − φ, eβ = β * (t ) − β, β * (t ) = 0

Figure 1. Vehicle Considered.

Two types of perturbations are applied to the aerodynamics
model:
Type 1: Sinewave type multiplicative disturbance which
may be caused by elastic modes and recognizable by their
tilde are applied to Mδm , Nδn

Mɶ δm = d α ( sin(ϖα + ϕα ) ) M δm ; M δm = M δm + Mɶ δn
Nɶ δn = dβ ( sin(ϖβ + ϕβ ) ) N δn ; N δn = N δn + Nɶ δn

Zɶ α = Dα Z α ; t > tα Z α = Z α + Zɶα
Yɶβ = DβYβ ; t > tβ Yβ = Yβ + Yɶβ

Task 2:-Design the impulsive part of the sideslip angle
controller for the hypersonic glider (19-35) in term of u∆n
that is to be employed in exceptional circumstances when the
sideslip angle transient value exceeds some critical threshold,
β > β max , in order to drive β → 0, βɺ → 0 in a short time, i.e.
<0.4 sec.
Remark 7: The control functions um , ul ,un and u∆n are

(36)

designed in terms of δm , δl , δn , and ∆n while neglecting the
dynamics of the actuators (35), which are considered as unmodeled dynamics and as such, not considered in the design
while their effects are modeled in the simulations.

Type 2: Step like multiplicative disturbances are applied to
Zα , Yβ which may be caused by sudden separation of pieces of

thermal protection which would create locally a shock wave
thereby modifying the air flow in a step wise fashion.

Zɶα = Dα Zα ; t > tα Zα = Zα + Zɶα
Yɶβ = DβYβ ; t > tβ Yβ = Yβ + Yɶβ

(37)

where Dα , Dβ , d α , dβ , ϖ α , ϖβ , ϕα , ϕβ are random uniformly
distributed disturbance terms assumed to remain constant
during the flight scenario.
Also, it is assumed that
(A3): The autopilot generates prescribed normal and
transversal trajectories.
(A4): The commanded angle of attack, roll and sideslip
angles the autopilot uses as pseudo controls.
(A5): Angle of attack and roll angle command trajectories
are shaped by a second order filter to produce two pairs,

α*, αɺ * and φ*, φɺ * which are the inputs to the autopilot. The
flying quality filters that generate smooth commands are
defined as
ɺɺ
φ* = −ωφ2 φ * −2ωφ φɺ * +ωφ2 φc ; ωφ = 3
ɺɺ* = −ωα2 α * −2ωα αɺ * +ωα2 α c ; ωα = 5
α

(38)

2.2.4. Problem Formulation
Given the prescribed angle of attack and roll angle
trajectories α (t )*, φ * (t ) calculated by the inversion of
guidance commands and filtered in accordance with (38), the
normal and lateral commanded acceleration autopilot design
problem is formulated in a two-fold format:
Task 1: Design Adaptive HOSM aerodynamic angle
controller for the hypersonic glider (19-35) in terms of

2.3. Nonlinear Dynamic Sliding Manifold HOSM
Controller Designs
2.3.1. Sliding Variable Dynamics
Nonlinear, HOSM Dynamic Sliding Manifold (NDSM)
controllers [27] are designed in this section to provide a basis
of comparison with the new proposed designs. Actuator
dynamics in (35) are neglected in the controller design;
however, their dynamics are introduced in the simulations.
Likewise, lift and transverse lift created by the actuators,
while neglected in the controller design by nullifying their
effects as Z δm δ m = Yδn δ n ≈ 0 , are included in the simulation.
Equation (39) is enforced in the sliding mode by
introducing the sliding variables

σφ = ϖ φ ∫ ( φ * −φ )d τ + ( φ * −φ ) ; ϖ φ = 5
σα = ϖ α ∫ ( α * −α )d τ + ( α * −α ) ; ϖ α = 10

(40)

σβ = ϖβ ∫ βd τ + β; ϖβ = 5
that are to be driven to zero in finite time by the continuous
fixed-gain and adaptive-gain HOSM controllers. Apparently,
(39) hold as soon as the sliding variables σ α , σ φ , σβ → 0 in
finite time.
Remark 8: Here while continuous control algorithms are
used their digital implementation at 10 KHz may result in
some small biases. The proportional integral format of the
sliding variables in (40) is chosen to mitigate possible
constant biases in the tracking errors eα eφ , eβ .
Again, the dynamics of the actuators in (35) are neglected
while deriving the sliding variables’ input-output dynamics.
Using (24-34) and (40), second order input-output dynamics
of the roll sliding variable σ φ are derived as
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(

)

ɺɺφ = fφ − Lδl + Lɶδl δl
σ

ɺɺ β = f β + Mɶ δn δ n + N δn δ n
σ

(41)

(49)

fβ

with
d
[ q sin(φ) tan(θ) + r cos(φ) tan(θ)] − Lββ − Lp p..
dt
(42)
ɺɺ * −ϖ φɺ
−Lr r − Lδn δn − L∆ ∆n − (c1r + c2 p)q + ϖφ φɺ * +φ
φ
fφ = −

where, it is assumed that

Lɶδl
Lδl

where fβ is an unknown bounded perturbation.
Remark 9: The design of the continuous second order
sliding mode controllers (2-SMC, a case of HOSM
controller) that drives σ α , σ φ , σβ → 0 in finite time is
presented in Sub-sections 2.4 and 2.5.

= εδl , 0 ≤ εδl < 1 and thus, (41)

becomes
ɺɺ φ = f φ − Lɶδl δl − Lδl δl
σ

(43)

fφ

where fφ is an unknown bounded perturbation. Using (24-34)
and (40) the input-output dynamics of the sliding variable
σα for the angle of attack are derived as

(

)

ɺɺα = fα − M δm + Mɶ δm δm
σ

2.3.2. Second Order Sliding Mode Control Based on
Nonlinear Dynamic Sliding Manifold
The Non Linear Dynamic Sliding Manifold (NDSM)
based controller [5, 31] that does not require differentiating
the sliding variables σ φ , σ α , σβ , is used for (43), (46), and
(49) of relative degree 2 to drive σ φ , σɺ φ → 0 , σα ,σɺ α → 0 ,
and σβ , σɺ β → 0 in finite time in the presence of the bounded
perturbations. This is
χɺ (.) = η2(.) σ (.)

(44)

Mɶ δm
M δm

1/ 2

sign(χ (.) );

(50)

where uTrim = (− M α α − M q qcurv ) / M δm applies only to the

(45)

ɺɺ * −ϖα αɺ
− M α α + M q q + c5 pr − c6 ( p 2 − r 2 ) + ϖα αɺ * +α
where it is assumed that

sign(σ (.) ) − η1(.) χ (.)

u(.) = η3(.) ⋅ sign(σ (.) + χ (.) ) + uTrim ; (.) = φ, α, β

with

d g
cos(µ)ξ z + sin(µ)ξ y − Z α α − Z δm δm ] ..
fα = 
dt  vR

1/ 2

control of the angle of attack with the term qcurv being
approximately computed as qcurv = −vR / (r⊕ + h) .
Note that the design parameters η1(.) , η2(.) , η3(.) > 0 are to

= εδm , 0 ≤ εδm < 1 and thus,

be tuned so that σφ , σα ,σβ and their derivatives converge to
zero in finite time. Specifically, η3(.) that is responsible for
convergence to the NDSM J (.) = σ (.) + χ (.) = 0 is to exceed

(44) becomes

ɺɺα = fα − Mɶ δm δm − M δm δm
σ

(46)

fα

based on the desired convergence time σ (.) , σɺ (.) → 0 as soon

where f α is an unknown bounded perturbation. Using (2024) and (40) the input-output dynamics of the sliding variable
σβ for the sideslip angle are derived as

(

the boundary of the corresponding disturbance divided by the
minimal value of the control gain; η2(.) is to be selected

)

ɺɺβ = fβ + Nδn + Nɶ δn δn
σ

(47)

as the NDSM J (.) = σ (.) + χ (.) = 0 is reached and hold, and
η1(.) > 0 .
Remark 10: To achieve continuity of control u(.) = l , m, n
the “sign” in (50) may be approximated by saturation “sat”
function, i.e. sign ( σ (.) + χ (.) ) → satε ( σ (.) + χ (.) ) where ε0 > 0
0

with

is a small width of a linearity zone.
 −Yββ − Yδn δn − Yδl δl − Y∆n ∆n ....
d

+ Nββ + N p p..
g
sin(µ)ξ z − cos(µ)ξ y 
dt  +
(48)
 vR

+ Nr r + Nδl δl + N∆ ∆n + (c8 p − c2 r )q − ϖββɺ

fβ =

where it is assumed that
(47) becomes

Nɶ δn
Nɶ δn

= εδn , 0 ≤ εδnm < 1 and thus,

2.4. Continuous Fixed-gain HOSM Controller Design
It is assumed herein, that the derivatives of the
disturbances in (43, 47, 49) are bounded: fɺ(.) < H (.) and that

H (.) > 0 terms are known. In accordance with Theorem 2,
the

Hurwitz

second

order

polynomials

(

r =2

)

s2 + γ2(.) s + γ1(.) ; (.) = φ, α, β are defined with exponents
a1(.) , a2(.) being calculated accordingly as in (3)
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kɺ(.) (t ) = −(ρ0(.) + ρ(.) (t )) sign(υ(.) (t ))

(51)

ρɺ (.) (t ) = γ(.) υ(.) (t )

(56)

υ(.) (t ) = k(.) (t ) − wˆ eq (.) (t ) / ε1(.) − ε 2(.)

where
γ1φ = 100; γ 2φ = 20; aφ = 0.6
γ1α = 400; γ 2α = 40; aα = 0.8

The

(52)

sign(σɺ (.) ) − γ1(.) σ(.)

a1(.)

sign(σ(.) ) − λ(.) ;

(.) = φ, α, β; [.] = l, m, n

λɺ (.) = η4(.) s(.)

sign( s(.) ) + ξ(.) ; [.] = l , m, n

1/ 2

(54)

.

provided that the disturbances f(.) have bounded derivatives.
Remark 11: The dynamics of the actuators are included in
the simulation.

2.5. Continuous Adaptive HOSM Controller Design
In accordance with Theorems 2 and 3 the structure of the
Continuous Adaptive HOSM control is the same as of the
continuous fixed-gain HOSM control. The difference resides
in the design of the injection term λ (.) . In this case it is
assumed that the boundaries of the first two derivatives of the

fɺ(.) (t ) ≤ H (.) , and ɺɺ
f(.) (t ) ≤ N(.) , N (.) > 0 ,

H (.) > 0 exist but are unknown. The adaptation of injection
term λ (.) aimed at reconstructing the disturbances thus
becomes inevitable for preventing the overestimation of the
gains and associated chattering caused by un-modeled
dynamics [11, 16].
The adaptive Super-Twisting injection term λ(.) is
designed in accordance with Theorem 3 and (8) as

λ (.) = η3(.) s(.)

1/ 2

sign( s(.) ) + w(.)

wɺ (.) = k(.) (t ) sign( s(.) )

(55)

where η3(.) > 0 are selected large enough and the adaptive
gains k(.) (t ) are selected in accordance with the double-layer
adaptation algorithm presented in Theorem 3 by (9-12)

with

are small

via low pass filtering which removes higher frequency

wˆ eq(.) (t) = Low Pass Filtering(w(.) (t))

(57)

2.6. Impulsive Sideslip Angle Control

In accordance with Theorem 2, the continuous HOSM
controllers in (53-54) drive σ α , σ φ , σβ → 0 in finite time

disturbances

selected

ρ0(.) > 0, γ(.) > 0, ε1(.) ∈ ( 0,1) , and ε2(.) > 0

(53)

ξɺ (.) = η5(.) sign( s(.) )
where η4(.) = 1.1 H (.) ; η5(.) = 1.5 H (.)

are

components of the control w(.) (t ) in (55)

s(.) = σɺ (.) + z(.) ; zɺ(.) = u[.] − λ (.) ; (.) = φ, α, β
1/ 2

(56)

ˆ eq(.) (t )
The equivalent control weq(.) (t ) is estimated by w

Therefore, HOSM fixed-gain controllers are designed as
a2(.)

in

numbers.

γ1β = 100; γ 2β = 20; aβ = 0.8

u[.] = −γ 2(.) σɺ (.)

parameters

The impulsive control is designed based in accordance
with Theorem 4 and (15-16) and is applied to drive the
sideslip angle to the origin in a short time. The following
additional assumptions were made:
(A6): No aerodynamic yaw control is applied during the
application of successive yaw impulses.
(A7): Yaw and roll dampening terms are small and thus,
can be neglected.
(A8): Small inertial acceleration terms are deemed to be
negligible.
(A9): Terms proportional to δɺl and ∆ɺ n are also negligible.
(A10): Thruster dynamics is not considered in the design
but is modeled in the simulation.
The sideslip dynamics is given by (23-24) and its inputoutput dynamics are presented as

ɺɺ
β = Yβ βɺ − Nββ − N ∆n ∆ n + ψ n
ψn =


d 
g
cos(µ)ξ y − sin(µ)ξ z  ..
Yδn δn + Yδl δl +
dt 
vR


(58)

− { N p p + N r r + N δn δn + N δl δl + (c8 p − c2 r )q} + Y∆n ∆ɺ n
where ψn represents a small unknown perturbation.
The effects caused by the term ψn in (59) precludes
achieving a perfectly exact dead-beat in (15, 17) control that
drives β → 0 and βɺ → 0 in a timely fashion. This is not a
source of concern since the purpose of this impulsive control
is only to reduce sufficiently the magnitude of β, βɺ in a short
time interval h∆ < 0.4 sec. It is followed thereafter by the
application of a continuous HOSM control that provides
desired convergence accuracy and robustness. We can note
inclusion of the impulse ∆ɺ n as part of the disturbance ψn .
Equation (58) is given in a state variable format which
excludes ψn as
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1  β  0 
d β  0
=
+


 ∆n


dt βɺ  − Nβ Yβ  βɺ  − N∆n 

(59)

T
Given an initial state at t f : X(t f ) = β(t f ) βɺ (t f )  , a

sequence of impulses is to be generated such that

X ( t f + h∆ ) → [ 0 0] . The solution of this problem is the
T

h
βɺ (t f ) = Y∆n N ∆n (α 0 − Yβ α 0 ∆ + α1Yβ ) +
2
h∆ / 2
h∆
 h∆ α0

α1
α
..N ∆n  ∫
d τ + ∫ 2 τd τ − ∫ 21 τd τ 
 0 h∆

0 h∆
h∆ / 2 h∆


Next, we obtain

h
βɺ (t f ) = N∆n (α0 − Yβ α0 ∆ + α1Yβ )
2

control law u∆n ( t ) :
t +h
β(t f )  f ∆
βɺ (t )  = ∫ exp(− Aτ)Bu∆n (τ)d τ
 f 
t

(60)

f

The impulsive control [19-24] that drives β, βɺ →≈ 0 by
time t = h∆ is defined in accordance with (15-16) as
r −1

u∆n = ∑ αk δ(εk ) (t )

(61)

k =0

Where δ (εk ) are the generalized derivatives of the Dirac
delta-function centered in ε > 0 defined in [25].
Corresponding piecewise-constant function approximations
(1)
for δ(0)
ε (t ), δ ε (t ) are defined as in [24]

1/ h ; if 0 ≤ t ≤ h∆
δˆ h∆ (t ) =  ∆
;
 0 otherwise
 4 / h∆2 ; if 0 ≤ t ≤ h∆ / 2

ˆ
δɺ h∆ (t ) = −4 / h∆2 ; if h∆ / 2 ≤ t ≤ h∆

0; otherwise


(62)

Given that the impulse is short it is reasonable to expand
exp(−Aτ) as, as

−τ 
1
 1
 0
exp(−Aτ) = 
; A=


 − Nβ τ 1 − τYβ 
 − Nβ Yβ 

(63)

and

 −τ 
 0 
exp(−Aτ)B = 
N∆n ; B = 


− N∆n 
1 − τYβ 

(64)

The first component of the vector (60) is defined as
h∆ / 2
h∆
 h∆ τ
4τ
4τ 
β(t f ) = − N ∆n  α 0 ∫ d τ + α1 ∫ 2 d τ − α1 ∫ 2 d τ  (65)
 0 h∆

h
0 h∆
h∆2 / 2 ∆



That is,
β (t f ) = N ∆n ( −α 0 h∆ / 2 + α1 )

The second term of vector (60) is defined as

(66)

(67)

(68)

The inversion of (66, 67) yields


−Yββ(h∆ ) + βɺ (h∆ )
 α0 
1 


 =
ɺ
 α1  N∆n  (1 − Yβ h∆ / 2)β(h∆ ) + h∆β(h∆ ) 

(69)

Finally, the impulsive control (61), designed in terms of
generalized Dirac impulses as in (62) becomes

u∆n =

(

1
ˆ
α 0 δˆ h∆ (t ) + α1δɺ h∆ (t )
N ∆n

)

(70)

3. Results
3.1. Simulation Approach
The quest for high Lift-to-Drag ratios leads designers to
reduce as much as possible non-lifting parts of the vehicle.
This requires, reducing and eliminating if possible tail
surfaces and eventually resorting to flying wings. Such
aerodynamic shapes do not exhibit much natural transverse
stability and only provide limited control authority. It is,
therefore, imperative to avoid situations where sideslip angle
values exceed maximum control authority. The approach
investigated in this work is an impulsive lateral control for
driving to a quasi-null value the sideslip angle in a timely
fashion, whenever eventually its value may exceed some
maximum critical value. This impulsive control is powered
by on-off thrusters and is supposed to be only used a few
times during the flight, when such exceptional circumstances
require it.
Four control designs were simulated; the first one, based on
finite convergence time continuous NDSM-based 2-SMC
controller, the second controller represents an implementation of
the fixed-gain continuous HOSM control algorithm; the third
controller is the implementation of the adaptive-gain HOSM
algorithm; and the fourth one is a hybrid continuous adaptivegain HOSM – impulsive controller. The results of the first
design are used as reference cases for comparison with the other
advanced designs. The robustness of studied continuous HOSM
controllers and the hybrid continuous HOSM-impulsive
controller is evaluated for time varying sinewave and step
perturbations of the pitch and yaw models. Whereas no direct
perturbations were introduced in roll model, roll motion was
nonetheless indirectly perturbed by the coupling with the yaw
motion as shown by (31-33).
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Table 1. Numerical Values.
X v = −5.610−4

X α = −7.6

X δm = −18.65

X δn = −3.83

X δl = −4.59

Yβ = −810−4

Yδn = −1.310−3

Y∆n = 1.310−3

Zα = 310−3

Zδm = −6.310−3

Lβ = −810−4

Lδl = 118

Lδn = 0

Nβ = 1.17

Nδl = 1.6

Nδn = 39.3

N∆n = 20.05

M α = −12.7

M δm = 64

τ∆ = 0.005

dα ∈[ −0.05..0.05]

dβ ∈[ −0.05..0.05]

τα = 0.005

Dβ ∈[ −0.1..0.1]

ϕα ∈ [ 0..2π]

ϕβ ∈[ 0..2π]

Dα ∈[ −0.1..0.1]
ϖ α , ϖ β ∈ [5 − 10 ]

Figure 3. Roll Angle error response (zoomed).

3.2. Simulation Set-Up
The model was simulated with RK-2 algorithm and 10-4
integration step. Table 1 shows numerical values of the
model in (19-35). Corresponding values are not related to any
known or planned system, nor are they supposed to represent
the state of the art. The values inserted in the brackets
represent the range of uniformly distributed random
variables.
3.3. Roll Control
Figure 4. Roll Angle rate error response (zoomed).

The autopilot generates reference roll angle, roll rate, angle
of attack and angle of attack rate as defined by (38). It is
evident that the performances of the designs considered could
hardly be compared using a full-scale plot. For that matter,
Figure 2 only shows commanded roll maneuver and just one
of the actual responses; of the Adaptive Continuous HOSM
design. Other responses are not shown because given the plot
scale, they would hardly be distinguishable from the roll
command.
Comparative performances of several designs considered
herein are evaluated by comparing the errors of actual
trajectories versus reference trajectories and by time-zooming
during initial transient motions as shown by Figures 3-4.

Figure 5. Roll Control.

Figure 5 represents roll for the cases of HOSM constant
gain, adaptive-gain HOSM and in the presence of a yaw
impulsive control. Figures 6 and 7 represent respectively roll
observer’s innovation and estimated value of the disturbance.

Figure 2. Roll Command and Continuous Adaptive HOSM response.

Commanded and actual roll angles are represented in
Figure 2 in red and blue respectively; actual trajectory
follows so well commanded maneuver that their traces in
Figure 4 are perfectly superimposed. The distinctive markers
show that these are indeed, two traces.

Figure 6. Roll Observer Innovation.
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Figure 7. Estimation of roll disturbance.
Figure 10. Sideslip Angle (zoomed).
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Sideslip rate
.4
.3
.2

NDSM
Fixed Gain Continous HOSM
Adaptive Continuous HOSM
Adaptive Cont. HOSM + impulse

.1
0
-.1
0

.125

.25

Figure 8. Roll Control (zoomed).
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Figure 9. Adaptive gain.

Figure 9 shows the rapid variation of the gain which is
coincident with the rapid convergence of the innovation in
Figure 6 and then, a slow augmentation of the gain which is
correlated with the slow augmentation of the value of the
estimated rolling disturbance.

Control rel. amplitude (relative to maxi)

.0005
0
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Figure 11. Sideslip rate (zoomed).

Remark 10: Estimated value of the (sinusoidal) injection
term in Figures 5, 8 is relative to maximum control rolling
moment Lδl = 123 rad / sec ; it represents, physically, rolling
moment chattering amplitude about 0.01 deg / sec.
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3.4. Sideslip Angle Control
The performance using the Continuous Adaptive HOSM
control is compared with the baseline NDSM design, and the
benefits of additional impulse control are evaluated. Figs. 1011 shows that after a transient of approximately 1second,
NDSM design settles the sideslip angle to a quasi-null value.

Figure 12. a. Sideslip Angle Control (w/o) impulsive control. b. Sideslip
Angle Control with impulsive control.

3.5. Angle of Attack Control
The same approach is used to display the angle of attack
performance. Figure 13 shows the command and the
response of Continuous Adaptive HOSM. The responses of
other designs are not represented in Figure 13 because they
would be practically indistinguishable from the response of
Continuous Adaptive HOSM design
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Figure 13. Angle of Attack command and Continuous Adaptive HOSM
response.

The performances of the designs are evaluated shown in
Figs. 14-15 by comparing corresponding error responses on a
zoomed short time interval beginning at the inception of the
simulation.
Since the angle of attack command is initiated at a value
a* = 0.015 rad far smaller from the required value
a* = 0.0135 / cos(1)= 0.027 rad , angle of attack rate
response exhibits a small lag as shown by Figure 14; once
initial error is corrected, commanded angle of attack is
perfectly tracked thereafter.
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Figure 14. Angle of Attack error (zoomed).
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Figure 15. Angle of attack rate (zoomed).
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Figure 17. Pitch rate (zoomed).

Figure 16 represent the pitch control (that controls the
angle of attack) and Figure 17 represents the pitch rate.

4. Discussion
4.1. Roll Control
Figures 3-4 represent respectively roll angle and roll rate
error responses of NDSM vs. Continuous fixed gain and
Adaptive HOSM designs. Not surprisingly the traces of
Fixed Gain Continuous HOSM and Adaptive Continuous are
also perfectly superimposed because the main difference is
the adaptive management of the controller aimed at
practically eliminating the chatter, but their equivalent
controls are practically the same.
The continuous HOSM controllers achieve better
performances rather than the reference results obtained with
the NDSM controller as they settle in 0.5 sec. compared with
1 sec. for the NDSM.
The fact that Continuous HOSM designs, whether with
fixed observers or adaptive observers, achieve comparable
results that is not surprising since their equivalent controls
are comparable as stated in Sub-sections 2.4 and 2.5 and only
differ due to the adaptive sliding mode observer that
eliminates the control chattering. This chatter is prevailing in
the fixed gain observer due to the larger gain of the fixed
parameter observer. Figures 6-7 show that the adaptive gain
injection term in the disturbance observer (estimator) allows
a much shorter observer settling time and a significantly
reduced level of noise caused oscillations. The results show
that although the fixed parameter innovation drops down to a
10 -7 level by time = 1.2 second it re-augments by time = 5
second because of the mid-scenario commanded roll
maneuver shown in Figure 2. This is not the case with the
adaptive sliding mode observer which drives, in a timely
fashion, the level of residual innovation literally to zero and
keeps it thereafter.
Figure 8 shows that the fixed gain observer HOSM control
exhibits a residual level of chattering with amplitude relative
−6

to maximum ∆uφ = 1.2 ⋅10 and that the control chattering is

.0220
.0215
.0210
2.2
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removed completely by the adaptive-gain observer.
2.3
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2.5
Time (sec)
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Figure 16. Pitch control (zoomed).

2.7
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4.2. Sideslip Angle Control
Continuous HOSM does not exhibit the overshoot of NDSM
on the time interval [0.4, 1.0] s since it settles in 0.4 s. When
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applied, impulse control reduces the magnitude of residual
sideslip angle to 0.005 rad. in less than 0.1s. Similar
observations can be made on the sideslip angle rate in Figure 11.
Figure 12-b shows that impulse control consists of large
and brief yaw control spikes created by the firing of the yaw
impulse thruster as two opposite pulses of short
approximately 50 msec. duration. Corresponding plot
represents actual normalized thrust (i.e. actuator response);
while the command is rectangular, and actuator response
reveals the effect of the characteristic frequency of the
thruster dynamic response. Figure 12-a, reveals that the
aerodynamic control only begins at the end of the impulse.
4.3. Angle of Attack Control
Results in Figures 13 - 15 show that the rapid transient of
the correction of initial errors is followed by quasi-null errors.
Commanded angle of attack is modified to account for the
term 1 / cos(φ*) as initial commanded roll angle at the
beginning of the scenario is equal to one radian, while a
second roll maneuver is undertaken on the time interval [5, 7] s.
4.4. Cancellation of Disturbances
Using (36), the amplitude of the pitch rate disturbance is
given by
∆ qɺ = Mɶ δm δ m ;

Mɶ δm = d α M δm sin( ϖ α t + ϕ α )

(71)

Assuming steady state conditions with the values of the
random draws of current run, the amplitude of the sinusoidal
pitch rate disturbance is about‡ 1.5 mil.rad / sec , which, not
surprisingly, is consistent with amplitude of the pitch control
sinusoidal variation showed by Figure 16.
Figure 16 shows that while the control of the angle of attack
has reached the steady state, the control of the pitch rate still
exhibits, in the case of the Adaptive Continuous control, a
(small) sinusoidal motion to compensate for the sinusoidal
time varying pitch disturbance. Assuming steady state
conditions δ m ≈ − M α α / M δm hold and with the values of the
random draws dα , ϕα of the current run, the amplitude of the
sinusoidal pitch rate disturbance is about 0.025 rad / sec that
is commensurate with the disturbing effects.
Higher Order Sliding Mode Control is inherently
insensitive to the matched disturbances as is the case here.
The control compensates implicitly for the disturbing effects
with a minor time lag due to the control law parasitic
dynamics. This can be viewed in the zoomed plot of the pitch
rate Figure 17.
The introduction of observers allows estimating
“explicitly” the disturbing effects, providing that their
dynamics is chosen to be much faster that the dynamics of
the control. In this case the lag time will get reduced and,
thus, a residual level of uncompensated disturbances is
minimized. The combination of the explicit and implicit
‡ The disturbance is multiplicative, that a sinusoidal variation of the value of the
stability derivative of few percentage multiplied by a small value of the control

compensation of the disturbance would be almost perfect
should the design be proper. With fixed observers, the pitch
rate exhibits some residual oscillations§ as shown by Figure
17, where a corresponding residual level of uncorrected pitch
rate oscillations is about 25 µrad / sec ; this level of residual
oscillation is only 1/1000 of the initial disturbing effects,
which is in itself a very good performance. The drawback is
the chattering of the observer at a much faster frequency.
Continuous Adaptive HOSM control, as shown in Figure
17, can reduce the residual level of oscillations furthermore
to an even smaller level of 5 µrad / sec amplitude. The use
of the adaptive sliding mode observer has reduced the
residual effects of the disturbing term from 25 mrad / sec to

5 µrad / sec and has eliminated the high frequency
chattering.

5. Conclusion
This paper has presented two novel continuous Higher
Order Sliding Mode (HOSM) autopilot designs driven by
embedded HOSM observers applied to a hypersonic glider
that must operate with uncertain or perturbed aerodynamics.
The first design, used as reference, is Nonlinear Dynamic
Sliding Manifold (NDSM based Second-order-Sliding Mode
Controller (2-SMC). The second and third designs modeled
include respectively a fixed gain and adaptive gain HOSM
observer aimed at reducing residual control chatter. Autopilot
designs using NDSM designs have been proposed [23, 27],
they achieve good performance. They are applicable to
systems of relative degree smaller or equal 2, typically to
track commanded angle of attack or pitch angle;
unfortunately, they could not be used for integrated guidance
and autopilots aimed at directly tracking a guidance
variable ** such as the rotation of the LOS or the target
relative velocity perpendicular to the LOS because
corresponding relative degrees r = 4. Proposed Continuous or
Adaptive HOSM controllers represent a technical
breakthrough in that they are applicable to systems of
arbitrary relative degree and thus, and, they could be used in
integrated guidance and control algorithms. Results obtained
first show the feasibility of such algorithms and their
applicability to the control problem posed but, moreover,
they achieve a slightly better performance than the already
excellent performance of NDSM-based 2-SMC. Besides,
Continuous Adaptive HOSM control achieves a very
significant reduction of the control chattering as compared to
fixed parameter observer design. The significant reduction of
the residual level of pitch rate oscillations is conducive to
alleviating vehicle vibrations. Finally, an impulsive controller
(RCS) performs in a concert with Continuous HOSM
designs. The purpose of such RCS/impulsive control is to
§The lag which can be observed in Figure 17 would be between the “mean” of the
Fixed-Gain continuous observer and the adaptive continuous HOSM: the first
would be minimum at 2.7 sec. whereas the second would bottom at 2.75 sec.
** That is in a single layer control that does not include intermediate inversion
algorithms

American Journal of Aerospace Engineering 2018; 5(2): 71-86

achieve rapidly a quasi dead-beat of the sideslip angle and
rate in approximately 0.4 sec †† . This control is aimed as
remedying extraordinary situations where, due to the
mediocre lateral stability and limited lateral control authority,
the sideslip angle becomes uncontrollable as the sideslip
angle may exceeds some critical magnitude. The proposed
the hybrid continuous HOSM-Impulsive controller
demonstrated excellent performance.
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